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PHILOSOPHICAL TRANSACTIONS.

L. An Katension of Waring’s Problem.
By E. Marruanp Wrient, Senior Scholar, Christ Church, Oxford.
Commumicated by G. H. Harpy, F.R.S.

(Received July 26.—Read January 19, 1933.)

Introduction.
1.1. An interesting extension of WarING’s famous problem is the following :—

Can every sufficiently large » be expressed as the sum of s almost equal k-th powers ;
or, more generally, can every sufficiently large n be expressed as the sum of s positive
k-th powers almost proportional to s arbitrarily assigned positive numbers Ay, 2y, ... A, ?

I have developed two methods to discuss this problem, one based on the Hardy-
Littlewood method for the solution of WaRrING’S problem and the other on the new
VinograDOFF method* for the solution of the same problem. In this paper I shall
discuss the case &k = 3 by the first of these methods. The case of five or more squares
may be treated in the same way, and the results are similar; somewhat deeper and
more troublesome analysis is required to deal with the case of four squares.

The principle of the method employed here is that of  weighting ** the various repre-
sentations of »n as the sum of s k-th powers in such a way as to make predominant the
particular representation of which we are in search.

Two theorems in this direction have been proved by CHowraf by “ elementary »
methods. They are as follows :—-

Given ¢ > 0, every odd n > n, () can be expressed in the form
1= M® - my? + Mm% -+ my?
with every m; > ni~.
Every large integer can be expressed in the form

n=m® -+ my® 4 ... + mg®
with every m; greater than % n''s,

These results are not included in those of the present paper. I have succeeded in
finding a result which includes the first, but I am unable to prove the second by either
of my methods.

* GBLBKE, ‘ Math. Ann.,” vol. 105, p. 637 (1931).
T ¢ J. Indian Math. Soc.,” vol. 18, p. 129 (1929), and ‘J. Math Soc. Lond.,” vol. 5, p. 155 (1930).
VOL. CCXXXII.—A 707 B [Published March 28, 1933.
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2 E. M. WRIGHT ON AN EXTENSION OF WARING’S PROBLEM.

1.2. The argument involves a number of parameters and of letters nsed in a con-
ventional sense, so that the system of notation requires careful explanation.

k, s, n,my, (=1, 2, ... s)are positive integers, k > 2 and K = 2" h, I, m are
positive integers or zero. We write

=k —2)K 45, s3=03k—1)K+3.

¥, Ay Mg, ... A, are arbitrary positive numbers. A will be used to denote the
whole set of numbers 2,, Ay, ..., A,; that is [ =1 (2) means that [ depends on the s
parameters A;, Ay, ..., A We note thatl=1[(2) will therefore imply that { depends

ons. We write
A. == 7\1 "[" 7\2 ”’"" e "*" 7\3.

If » can be expressed in the form

wo=m 4+ m ... +mt ... (1.21)
where
Q=M™ (14D (1=1,2 .9 (1.22)
0 - 3 ,2,...08), . . ... (L

then we shall say that = is the sum of s &-th powers proportional ““ within v to 2,
Aoy oees A

The principal variables are n, k, s,v, 2,1, v', e and §. Of thesev,y' and ¢ are arbitrary
positive numbers, not always the same; § is also positive. v, yv’, ¢ and § are to be
thought of as small. The choice of §, which has to be made to satisfy the varying
requirements of the analysis, is always subsequent to that of %, s and «.

The letters A, B, C, D, with or without suffixes, denote a positive number whose
value varies from one occurrence to another. When no suffix is used, A is an absolute
constant (such as 3); B = B (£, 1), a function of k and l only ; C = C (&, 1), a function
of &y, Ay, Ag, ... 2, (and therefore of s) only; D =D (%, »,1). Sometimes, however,
A, B, C, D will depend on other parameters, in which case these parameters will be
indicated explicitly by suffixes. Thus,

B.=B k1<), C.,=0C( n-e?).

In exponents ¢ is used to denote a positive function of &k and s only, whose value varies
from one occurrence to another. When ¢ occurs not in an exponent, our conventions
do not apply, and all the variables on which ¢ depends are shown by suffixes.
We shall quote certain known results by reference to Lanpav.*®
- 1.3. The principal results of this paper are as follows :—

Theorem 1.—If s = s,, then for any positive values of v, %y, ..., A, there exists a
number ng = 1 (k,y, N) such that every integer greater than n, is the sum of s positive
k-th powers proportional *“ within v to Ay, Ay, vouy A,

* < Vorlesungen tiber Zahlentheorie,” vol. 1.
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E. M. WRIGHT ON AN EXTENSION OF WARING’S PROBLEM. 3

Theorem 2.—If k # 4, s = 8,5, and v, Ay, ... A, are any positive numbers, almost
all positive integers are the sum of s positive k-th powers proportional * within v to
A, Agy «oos An  The number of wntegers less than n for which this is not true is less
than Cnt~e.

Theorem 3.—If s =15, and vy, Ay, ..., A, are any positwe numbers, almost all
positive integers are the sums of s positve fourth powers proportional *“ within v > to
M, Mgy ... Ao The number of wntegers less than n for which this is not true is less
than Cmt—e. ' ‘

These results correspond to those of HaArpy and LiTTLEWOOD* :—

L. Bvery sufficiently large n vs the sum of s, k-th powers.

2. Almost all entegers are the sums of s, k-th powers (k = 4).  The number of integers not
so representable and less than n vs less than Cnt .

3. Almost all integers are the sums of 15 fourth powers.

These authors improve their results considerably by assuming the truth of the un-
proved ‘“ hypothesis K 1 :—*“ T'he number of representations of n as the sum of k k-th
powers 1s less than Bn* for every positive ¢’ On the same assumption, we can prove the
corresponding improved forms of my Theorems 1 and 2.

1.4. We first show that it is sufficient to prove these three theorems for the particular
case in which the numbers 2, %,, ..., A, are arbitrary positive integers.

It is obvious from (1.22) that we are only concerned with the numbers

MRy

A,
TR (L)

and so we can give A any positive value we choose without loss of generality. Let us
first take A = 1. Then, if any 2, is irrational, at least one other must be irrational,
and so, for any y > 0, we can choose positive rational numbers 2,’, 2,, ..., 2/,
depending only on v, Ay, ..., A, such that

MoA R A A =1
and that |2, — 2| is so small that
IT=y)a<@—=3)N <A+ <4+y)rn (=12 ..,59).

Then, if any number is the sum of s k-th powers proportional “‘ within 3y to 2./,
Ay, ..., A, these powers are also proportional ‘ within v to Ay, %y, ..., 2. Also,

in Theorem 1,
ne = Ny (k, 3v, N') = ny (k, v, 1),

* LANDAU, p. 239, or the original memoirs of HARDY and LirrLewoon, ‘ Math, Z.,” vol. 12, p. 161 (1922),
and vol. 23, p. 1 (1925). In1,if k> 3, 5, can be replaced by a smaller number. The method of obtaining
this final step does not appear capable of extension to the problem of this paper.

1 See the second memoir referred to above, ’

B 2
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4 E. M. WRIGHT ON AN EXTENSION OF WARING'S PROBLEM.

since A" = A’ (y, 2). Similarly, in Theorems 2 and 3, we have
Cp,=0C(k, 4y, 2) =C(k, v, 2).

Then it is sufficient to prove the theorems for the case in which every 2, is rational.
We see then that we must prove the theorems for all positive values of y and all
positive rational values of the numbers (1.41). But for this purpose it is obviously
sufficient to prove the theorems for all positive values of y and all positive integral
values of Ay, Ay, ..., A Henceforth, then, ; denotes an arbitrary positive integer.

Further Definitions and Theorems.

2.1. We use II to denote IT; also IT means that ¢ takes all values from 1 to s except 7'.

i=1 e
my, My, ..., M, are any set of positive integers satisfying condition (1.21) for a given =,
if such a set exists;

i = o, P () =P (n,my, my, ooy, 2) = 10 (o),
and
P (n) =P (n, k, 1) = Max P (n, my, my, ..., m,, 1)

under the same condition. P (n) is defined for a particular = if, and only if, there is at
least one solution of (1.21) in positive integers.
Consider the A numbers

%y, 0y, ... (A timeS), g, oy, ... (Ag times), og, ag, ... (Ap times), ay, ... . (2.11)

Their sum 1is
$
Z 7\1'“7',:

=1

s>

$
i=1

and go the arithmetic mean is unity. Hence, their geometric mean is less than or equal
to unity, and so is the product, that is

Halri =P (n) = 1.

Again, » is expressible as the sum of s k-th powers proportional “ within y ™ to 2;, 2,
woey A, if, and only if, at least one set of numbers o, «,, ..., o, exists, and satisfies

the condition
l —y <o, <1+y, =12, ...,59).
Then we have
1=y <P@m =L

We shall see later (Lemma 24) that, conversely, if

P(n) > (1 — (ng)A :
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E. M. WRIGHT ON AN EXTENSION OF WARING’S PROBLEM. 5

then
l—y <o, <l-4y, (=12 ..,3).

We can take P (n) = P (n) for this purpose, since we need only to prove that one set
of «; fulfils the conditions.

These considerations lead. us to formulate three further theorems, from which we shall
finally deduce Theorems 1, 2 and 3.

Theorem 4.—If s = s;, and v' > 0, then P (n) 1s defined and

Pn)>1—v,
Jor n > mg =, (k, %, v').

Theorem 5.—If s = s,, k 7 4, and v’ > 0, then, for almost all m, P (m) 1s defined and
P(m)>1-—+".
The number of integers less than n for which this vs not true is less than C, n'~°.

Theorem 6.—Lf k = 4 and s = 15, the conclusions of Theorem 5 still hold good.
2.2. We now introduce certain new functions to enable us to study the behaviour of
P (n). We take |#| < 1 and I a positive integer or zero, and write '

8

f=f@) == W fi=Ff(x)= 5 I TUf, = s 7 (n) "
=1 1

h h=1 n=1

% denotes summation over all positive integral values of m,, m,, ..., ;m, which
(n)

satisfy (1.21). Then we see that

7o (n) = (2') 1,

7 (n) = 5)(Hm.{‘i”’):n‘”,/\““ll'lki"il%;«)(]? m)y . ... .. (221)

= (0* P (n) A=A LAY 7o (0) ;

also, if 7o(n) > 0, then P () is defined and we have

— - AA ¢l (n’) 1/ l
P =~ <% (n)> e (2.22)

2.3. We see then that we must study the behaviour of 7, (n) for I = 0. For this
purpose we require certain further symbols.
qis a positive integer, pis a positive integer less than and prime to ¢, unless ¢ = 1, when

p = 0only. X denotes summation over all values of p associated with a particular g.
»
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6 E. M. WRIGHT ON AN EXTENSION OF WARING’S PROBLEM. .

We also write

1 .1 &Il (M + a)
¢=7, «=l-g, A= T (Al I sa)
o 9:1
e(x) ==e"", ¢, (x)=e <§>, S, = héo e, (ph*),

o (1) = A1 (),

~—

&, (n) ==7,(n) — ¢, ().

[v] denotes the integral part of ».
b = a — 3, where 3 is a function of £, s and < tending to zero with <. § will be fixed
later.
T' is the circle
ol =

in the complex z-plane. On I' I write

x = |x|é = BT

E3

We take the Farey-dissection of order

N == [m1-]

on the circumference of the circle I'. Then, if 1 =g =N, we have an arc §,,
associated with every point.
% = exp <__~ 1, 2pm>

In connection with the arc &, ,, we write

- 1 . 2pr
=] = Y [ . 0 == o
w6y (P) X =0, (p) ™, y === —1ib, V==
where that value of ¢ i3 taken which makes — = = 6 = =. Then we know that, on
£, ,» 0 varies between two numbers — 6, , and 6", , such that

L 1 2n

11,11<qN> @Sepq<ﬁ.

qN"

z,., will be called a major arc if ¢ = ', and a minor arc if ¢ > #'. A major arc will
be denoted by M or M,,,; a minor arc by mor m, ,. M,,,is the complementary arc
of M, ,on T', that is

Mp,q + M%q ==TI".
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E. M. WRIGHT ON AN EXTENSION OF WARING’S PROBLEM.

We write also

S, ol (Al 4 a) .
o

g(z) — g ,}nAl—Ha-—lzm,, (‘zl < ‘),

m=1
F@)=F(z,k 1 2= )9 e, (m) z™
m=1

[
— Az 3 S(m) m“”‘*“"w”’,
m==

and

1
F,,= A, (%u) g (we, (— p))-

Finally, we write

>vi p

8o that

S(n) = 8§, (n) + Sy (n);
and

Fy(x) = A, & mMt§, (m)an, Fy(z)= A, T m*+e-1§, (m) ",
m=1 m=1

so that

F (z) = F, () 4 Fy (2).
Then,

Fi(#)= 2 ZF,, F,(x)= X £F,,

= >v P

We shall take
v ==nf;

B will be chosen later,
We suppose always that n > 1.
2.4. Our first object is to obtain upper bounds for

| ()] and 3 (s, (m))"

Theorem T1.—For s = s,, we have
I°'l (%)! < D,nAH-sa-l-c‘

Theorem 8.— For s = s,, we have

£ (o, (m)P < Drtssesio,
Meml
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8 E. M. WRIGHT ON AN EXTENSION OF WARING’S PROBLEM.

The proofs of these last two theorems depend on a series of lemmas. Our method
consists in showing that we have results for f (z) and 11 f; for general [/, similar to those
proved by Harpy and LirtLewoop* for the case I = 0.

Trivial and Known Results.

3.1. Lemma 1.—1If [2|< 1,0 > 0, and

—2n 4+« < G (log2) =argz < 2rn — «,
then
lg ()] < D.|argz|=+—
and
lg (#)— [ (Al + sa) (log 1/2)~| < D,. . . . .. . . (3.11)

These are known results.

Lemma 2.—We have

zj_ By, — T, d0 <D; . . .. .. .. (3.12)

. ), q
and !

zj | By — Mgy, Pdo <D, . .. .. .. (313)

»,q

These are trivial ; if z = xe, (— p) = €77, then y = log (1/2), so that we have

le,q — I ‘}S;i = i Al <_S_§_g>s (g (meq (_ p)) — T (Al + sa) y—Al-—sa) < D

by suitable choice of « in Lemma 1.

Lemma 3.7— We have

Su.q
7

<AgT L. (314

|
|

| Sg (m)| < Cv*, for s=s; « .« o+ ... . (8.15)

Lemma 4.—We have

| Sy (m)] < Cv='ms, for s=s. o v « o . . . (3.186)
Its =26+ 1,

8

s < C b ql—sa < OV2‘-M.

q>v

Spy‘q

[ 8; (m)] = = X |2

v p

© $ @
* When I ==0, Ilf; becomes < z a;"") . Harpy and Lirtiewoop use 1 42 hzl 2" in place of
h=1 Z

© A
S #**. The distinction is unimportant.
h==1

1 Lanpav, Satz 315.
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E. M. WRIGHT ON AN EXTENSION OF WARING’S PROBLEM.

If k = 3 and s = s;, then s = 2k + 1. Hence, (3.15) is proved.
If t = 4and s = s,, then s = 2k + 1. Hence,

[Ss (m) | < Cv*= = Cv™ < Cov™“me

If & = 38, then s, == 5, and (8.16) is a known result.*

The Major Ares.

4.1. Lemma 5.—O0n a major arc M, ,, we have

|f— épo| < Bos gttt
| f— é54] < Byttt

so that

of & be chosen appropriately as a function of k and <.
Lemmas 6-10 are needed for the proof of Lemma 5.
Lemma 6.7—If w vs a positie integer or zero, then

q—1
| Z Tre, (ph)| < Awgrter

4.2. Lemma 7.—Suppose that
0=h<q Y=gy t=

bl

S

V= — _‘.z. I (w4t Uce—Y(v+t>k}

Jay = D (mq + h)ke= WY = s Tl mY,

m=0 m=0
an that R (v), Ry (v), Ry (v), . . . are polynomials in (v) = v — [v], defined successively
! R@=v+1—@)=0v+R @) =cp-+R©®
R, (v) = jo R (w) dw = ¢,0 + Ry (v),
R, (0) = f 0 R, (w) dw = ey0 -+ R, (v),
so that

R (Iv) =i (/U)’ R’l (’U) = % (,U) — % (,0)2’ Co=1,¢ = ’%a

* LaNDAU, Satz 327.
1 Lanpavu, Satz 328.

VOL. CCXXXII—A, C
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10 E. M. WRIGHT ON AN EXTENSION OF WARING’S PROBLEM.

and wn general c, 1s a function of v only.* Then

2‘(:; = EV (—— ]_)[.L CM J'w/o V(u) drv + (_1)VR’M (,U) 'V(,,) d’v
u=0 0
== EV (-——— I)MCuIM + J,,. ............... (4‘2])
m=0
If we define N () by

N@y=m+1, (v, =2z=<r7,.)
we have

o]

0 _ d u
S =m§0 T, e TmY = — j N (u) 7 (v'e™™) du.

Ty

Writing u = (vq -+ h)* = ¢* (v + )%, and observing that N (u) = R (v), we obtain

f;___ 0 . ®© oo__,
g(’?l)_jo R (v) Vd'v—~jo 'vVolfv—}«jo R,/(v) Vdv

— " oV dv — ¢ F oV’ dv — r R, (v) V' do.
Jo 0 0

Thisis (4.21) with v = 1, and it is plain that the general formula follows from a repetition
of the argument.

Lemma 8.—If )
.
H=% (1) =%y =L,
then
Y] < -IL{-?:L <AnTt oo (4.22)
on M, ,.
For we have H < n¥*~! < 1, and
%l; =gn'~" |y | < An*~* = An~".
4.3. Lemma 9.—We can choose vy = vq (k, I, 1), so that
7, =H:° R,V‘”)dv?<-§—". ......... (4.31)

We take v = k (v; + 1), where v; > 2. We have

V(") = <%>V“ {(7) + t)lk e—Y(vH)’c}

= T V(O Z Cr 1, 5,m Y (Q) + t)m'

b m

* Throughout section 4, v is an integer, and is quite distinct from v = nf of the remainder of the paper.
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E. M. WRIGHT ON AN EXTENSION OF WARING'S PROBLEM. 11

Every differentiation of the exponential factor of V introduces a factor Y, and a term
in Y/ can be generated only by ;7 such differentiations together with v 4 1 — 5 which
do not bear upon the exponential. Hence the term in Y7 is a multiple of

and is zero unless
k+jk—1)=v+1-—y

or

v 1

k

"“Z>V1.

Jj=
That is to say, v; + 1 is the least possible value of j. Associated with a given j we have

m=lk+jlk—1)—vy—1+j=k(j—v)—L
It follows that
|V(v)l _<._B,,6_H(”+t)k é lyljl,v + tlk(j—-vl)-—l,
ey 1

1=

and so, using (4.22), we have

Hm R,V dv| < B, > Y} J“” g~ H w40k v + 8[*6== do
0

0 J=v 41

<B, £ [YPH- U

jmy+1

—B, T Y| HA0-o-ai+n

J=v+1

< Bv <g’k>au—-v, Zv} /_I_Y_L)J

Jm=y+1 \Hl—“
<B s<&>l noectnn < Bo
vy qk n )

if vy = vy 0 (&, 1, 3), that is, if v = v, (k, [, ).

It should be observed that we can always replace v, (k, 1, 3) by a larger number of
the same type.

4.4. We understand by Q (Y, ¢) a polynomial in Y and ¢, whose degree in either
variable has an upper bound of the type B;, and the moduli of whose coefficients have
upper bounds of the same type. Since |Y| < A, 0 =t < 1, we have always

[Q(Y,?)| < B

And we understand by E a number whose absolute value is less than B/n.
Lemma 10.—We can choose vy = v, (k, I, 8) so that tn addition to (4.31), we have

I = r VO =Q (Y, +E, . .o (4.41)

0

¢ 2
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i2 E. M. WRIGHT ON AN EXTENSION OF WARING’'S PROBLEM.

Jorl = p =v=nyv,and

I, = j“’ Ndv=aT (+a) Y=+ Q(Y,5) + B . ... (442
4}
We have
m L\ m
o= xS
where

< AT < A < B,

if m" = m’ (k, 8) is sufficiently large ; and so

e = Q(Y,t) + E.
If p. > 1, we have

I, = J ) oV dy = V=2 (0) = e~ Q (Y, #)
. =Q(Y,){Q(Y, )+ B} =Q(Y,?!) + L
while, if u =1, )
L= oVodv=—[ Vv
0 0

— ? il_ W ,~Y (o)
—L dv{(v+t) e }dv
= — tFe " = Q (Y, 1) + K.

Finally, if o = 0, we have

I, = r oV do = j.: (v 4 1) g~ YOHOF dy

0
= rw”‘ e~V dw
3
1
=al (l+a)Y % — j w' ¢~V da
0
—al (I 4+ a) Y — ﬁ (Q (Y, w) + E) duw
=al (14 a)Y""+ Q(Y, ) + E.
4.5. We can now prove Lemma 5. We have
f=—1+ q.;ll e, (ph*) o T,e TmY
h=0 m=0
— 14 :z:: 6, oy - e (4.51)
Tt follows from (4.21), (4.31), (4.41) and (4.42) that
="aT @+ ) Y=+ QY. ) + ',
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E. M. WRIGHT ON AN EXTENSION OF WARING’S PROBLEM.

when v = v,. Combining this result with (4.51), we find

f=¢ar(l4+a)S, Y ™ +o=4¢,,4+0, . .. . ..

where
g—1
p=9p1+estrs p1=—1, pp=¢" X 3q(Phk)E:
h=0
=T e GMQ(YE
3 h=0 ¢ g
Now
g~1
lea| = ¢ Z IE| < % ¢t < Bygt .. L
Further,

h\ _ B\
LHEF IR
where j, m and the coefficients have upper bounds B, ; and

les| = ¢

= k j h m

= gt

q—1
Z ChijmYiq~" I hre, (ph*) }
J,m h=0 i

< B,sgtete Lo

by Lemma 6.
Lemma 5 follows from (4.52) to (4.56).
4.6. Lemma 11.—If s = s, , we have

—— A . Al+sa—1~c
=3 [Mmf, Mg,|d0 < Dn AR

and, if s = S,

5=z fM(Hf,; — TP do < Dpptte—ize

provided that < vs chosen sufficiently small in each case.
Let us write

Ji= i+ @,
Then, if we put Al for I in Lemma 5, we have
| @:f = | fi — bp,0.4| <D gtete < Dapithocte
on M, ,. Also, by (3.14), since nly| = 1 on T,
|[4:] <Dg=ey| 7" < Drg=e|y| .
Hﬁ“n¢i=n(¢i+q’;)—'n¢i;

We have
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14 E. M. WRIGHT ON AN EXTENSION OF WARING’S PROBLEM.

and if this latter expression be expanded by multiplication, we see that it consists of
2° — 1 terms. Let us consider a term in which 7 of the factors are of the type ¢ ;
then the other s-r factors are of the type ®; every suffix ¢ appears once only and
the absolute value of the term is less than

DEnAl-i-sux%«k (,nicq iy D—ar.

Then, since the term I1¢; does not appear, we have on M, ,

§—1
lHﬁ . H(]S.‘ < DenAl+saK+Se TEO (nquyl)-—ar

< DE%Al+sax+SG (1 + (nxq yl)—-a(s—l))'

Hence,
— 0f. — é.lde -
L=2| |f;—nig)d ” o
< Da,nM—f-se (,nsax 5 j ) - % q—a(s—l) ‘ ‘yl~a(s—1)(le> .
M M RE VS v

M

Now, since s = 8, > 2k + 1,

—a(s— te de n 88— (G~ [ dt . sa—a—1 .
leyl 6= de < S 1 2 ja(s—1) =n l.‘ - W) N Cn 1 ’
Lt
and so
p> q—a(s——l)j \yl—a(s—l) de < Cnsa—-a—l 5 ql—a(s—l) < O,nsa-a—l'
Al M M g=nb
SO,
% f = = X qf;_b <2n B owl= AnT < Antl
M /M q=n’ p q=n

Hence, since s = s; = 2K -} 1, we have

Il — De,nAH-se (,nsax—}-m-—l + ,nan—l—sa—a—-l) = De%Al—i-sa——l—%-}-Se_

Then if we choose ¢ < (a/2sK), the first part of the lemma is proved.
Similarly, on M, ,, ‘

‘Hﬁ — 11 ¢’, l% < D€%2Al+28aﬁc+28€ (1 + (,nxq ly l)—za,(s_l)) :
and, if s = s,, we have

Jl < D7®2Al+28a-—- 1—¢

The minor arcs.

5.1. Lemma 12.—O0n a minor arc m,, ,, we have

|f (@) < Batteicr,
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E. M. WRIGHT ON AN EXTENSION OF WARING’S PROBLEM.

Let us take

g
T HIEL2

o = [n*+],
and write
f(@) == él hia® - él g
We can find a number »’ = B, such that, when n > »’, we have

In < o =[n**t].
Then, for n <= n’ and z on T,

0 [ve]
|f7|= = hreMm< X pre MW =B,
h=w+1 : h=w+1

If n > »n" and v = w, we have In < u*, and so ~

i (ulk e—uk/n) — <l L y_") Foate—1 6—uk/n < 0.

du n
Then,

f"= ;; B e M — (o - 1) gtk §J Rk g Ein,
h=w+1 h=w+42
‘We have
(m + l)lk e—(to-l-l)k/ﬂ < Be’:

and

I pReM < j u* e " du < j e WreT M du
w1 €

h=w+42 1 n

tha [ gk gk TR
==n e do < mitre LVeT i do
# n

ket [© k
< ,nH-a e—%ﬁ j ,Ulk e-}v d’?) < BE,-
0

Then, for all n, and all z on I, we have

|/l < B.=B. .
Let us now write
tma]
Ty=0, T,= hZ e, (ph*), (m > 0).
=1

Then, if * < ¢ = »'%, and m = o, it is known* that

ITmI < Ak, e’na_%+2€'-

On m,, , since ¢ > n’, we have also
[1=X|=[1—ev| <Aly| <a(t4jo)<a(L

* LANDAU, p. 262, bottom line.

(5.11)

(5.12)
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16 E. M. WRIGHT ON AN EXTENSION OF WARING’S PROBLEM.

and hence, since |X| < 1,
|mXm— (m 4 1)} X" <|m! — (m + 1) X | = m! |1 — X| + B~ [X]
< (S 4 o)
\ N )
We have then, if z lies on m,, ,,

w ~ wk
If1=1 2 Ke (ph)X¥| =] = mX"(T,—T,.)]
) k

= 3 |T, (X" — (m ++ 1 X | | Ty (0f + 1) X=*+1]

m=
boon | ok
= B.n*xt*> Jm" — b D) ¥
L V)
lba—2 e (kl+E+2) tra—L e
=< B.n't*x ) = Bmntterte,

The lemma follows at once from (5.11) to (5.13).
5.2. Lemma 13.—We have

.[ | fifeSsfa | d¢ < Bt trettota) i 2ate,
r

We have
o0
h (@) fz () = 21 7,2 (M) T™,
. m=
where
7,5 (M) = 3 ml)\llkmz)\,lk
’ mEfmF=m
my >0, my>0

- m()\]+)‘ﬂ>l 1= m('\rf')\z)l To.2 (m).
Now, it is known that*

m

Z o702 (p) < Alc, e,

pu=1
Hence,

m m
D on et (1) S mPOTWE X g 2 (p) <Ay TR
=1 p=1 .

Then, if R = ¢~ '/,
[ 1A @f @ ay =1/, Re) £ (Re) P dy

=9 X 71, 22 (m) Rzm

m=1

w m
zAu_m)z{zngm@mm
m=1 w=1
3 m2 (A +A.) 1420 +¢ RZm
=1

= Ak,e(l - Rﬁ)

n

B, .
< (1 - Rz)z('\l+f\z)l+2a+ 2 BG p2ht 2) ate

* LANDAU, Satz 262.
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E. M. WRIGHT ON AN EXTENSION OF WARING'S PROBLEM. 17
Similarly,
j | f3 (%) fu (1) P db < Bp?@staolzadte,
Finally, \ |
([ LAnfnlas] = [ Unfuede | 1ffil s

< B2ttt ag L datze
€ 3
and this proves the lemma.
5.3. Lemma 14.—If s = s, we have

I, = zj [If, ] db < Dn¥ooi=e, . L (5.31)
and, if s = s,, .
Jo=3 | [Ufipdo < Dot oL (5.32)
provided ¢ and 3 are chosen sufficiently small in each case.
In Lemma 12, let us put 2,/ for . Then, we see that
!J(;,I < Dc,nz\il—ku—j%+e

on m,,. Hence, by Lemma 13,

I, < Dpl—h=r=r=a) l+6= b ( ‘ \foSafofo| du
< ]_)n;\l-»}-w»«1~M+(s~3)e’
where
o
w=(s- 4) 20— 1 = (s, — ) —1-2a.-—1~~K~—K(sl ----- 4).

The first part of the lemma, follows at once, if we take ¢ and § sufficiently small. The
second part may be proved in the same way.

Proof of Theorem 1.
6.1. Lemma 15.—If s = s,, then

=3 L 'Fﬁ,q‘ 4O > Dpltsu—i=tee=2 o~ PypAltsa—i-c (6.11)
— MM,

On M, ,
ly| = ‘——7,6[>|6i

q@ = By (say)-

We have then, by (3.11) and (3.14), since sa > 1,

JM IFP»QI de < .Dqﬁ-—su jl\_/l lyl——‘\l-—sa de < ]‘)q—-saj 6»Al<—sa do

Y2 P q B9
- Dqu—ln(Al-l~su—-l)(l—b).

VOL. CCXXXII—--A, D
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18 E. M. WRIGHT ON AN EXTENSION OF WARING’S PROBLEM.

Hence,
]4 < '['),yb(Al.v&saﬁJ)(l«-b) L }_‘ (l\l -1 < I)n/\llm L—b (st~ .l)

g=n’ p

Bince s = s, > 2k - 2, we have
sa — 2 > a,
and so
]4 < Dq.?/xxl—{«suwl-—-n.

6.2. To prove Theorem 7 we take ¢ and 8 sufficiently small for the conditions of
Lemmas 11 and 14 to he satisfied, s = s,, and B = b. We have

o, (n) = 1, (n) — ¢, (1)

T ”f Fl . Al-Fsa—1
- Qmj do — A8, (m) ;

wn—l—-l
and so
lo, ()| = j mf-—F | A4 -+ ApAet |8, (u))|
{ I g db X [ ¥, lig| do
o M JM
ML e iF,,,q|de} AR S, () |
q

5

A Ty 4,

By (3.15), since s = s, > 2k 4 1.
I, < Dpplisumt-tlu=2 o Pypaltsu—i-r
Then Theorem 7 follows from (3.12), (4.61), (5.31) and (6.11).

Proof of Theorem 8.

7.1. We require certain further lemmas to enable us to prove this theorem. We now
take s = s,, B = %0, and ¢ and § sufficiently small to satisfy the conditions of Lemmas 11
and 14 ; in addition, we take § < la, so that 38 < b.

Lemma 16.—If s = s,, we have

2m
J‘s — j i.h‘z 12 dq} < D%2‘\Z+2m-1-—c'
0
If s = s, by (3.16), we have

o2 ”
[T ay <2md, 5 (S oy motiees (o
0

el

< DV_( L m1Al+2sa 2+4¢ Iw‘Zm

m==1

< D n2Al+23m«].—B(:+c
€

< D,',IIZAL—I-Z-.WL-]Y--#:
- 5
by suitable choice of «.
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B. M. WRIGHT ON AN EXTENSION OF WARING'S PROBLEM. 19

Lemma 17.—If s = s,, then

DS [Ty, R d0 < Dt

>voop 1,
We have, by (3.14),
— 280 de — 280 Foo d()
j |1, d0 < Dg~* L W<D9 ’ S

, ] Al+-sa
v, ¢ . q g ¢
-0 2 '

n
— DnZAl-(-?sa-—lq— 2sa.
Hence,

g>v P, 4 q>v

< ]‘)v:~23an21\l+2sar—1 < D/H/ZAZ+2RII-1-"5
h b
since s = s, > k, and so 2sa > 2.
7.2. Lemma 18.—If s = s,, we have

Jo4J, =2 j | Fy, — g, ‘2 ae - = g |y B do < DpAtze=1=r,
M JMm )
We write

U: E E‘F’[)’Q‘z,
Q=v P

where P bears the same relation to Q as p to ¢. Then we have, if ¢ =< v,

Fi—F,,= 2" I Fy,,

Q=rv P

where =’ denotes that the term for which Q = ¢, P == p is omitted. This sum contains
less than v? terms. Hence,

|y —F, P = 2 Z|Fp o = (U~ [F,,[)

Q=r P

lFl “’n‘ﬁp,q,ilzﬁlel—Fﬂ,qlz +’2|FZ’,II“‘H¢’WM|2
=2 (U— |F, B)+2F,, — T,k . .. ... (121)

and

‘We have also
By =vU<2?U, . . . ... .. e (1.292)
and so, if v < ¢ = #',
IF, — I, . =22U +2|l¢,, .2 . .. . ... (723

We use (7.21)if ¢ =< v, (7.28) if v < ¢ = »’, and (7.22) for the minor arcs, that is,

when ¢ > n’. Then we have

,12+J4szvz<zf Udo+ x| Udo— 3 3 1Fp,q12do>
™M m Jm M

M 1=v P "V,

+2 3 zj F,, T, fd0 +2 3 xj 1, . do.
M p JIM

g=v P r<g=nd

D 2
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20 E. M. WRIGHT ON AN EXTENSION OF WARING’S PROBLEM.

By Lemmas 2 and 17, the last two sums are less than

'D%Z;\l +2s0—1—¢
For the other sums we have

zf Udo 42| Udo=| Udo= 3 = g ¥, , P do,
MM m s m JI g=v p I
and

> z(( B, [t do— | [Fﬂ,qlzde):qifj
q -

g=v p \°TD D, My,

1, J* do.
q

By the method of Lemma 15, we can show that

j-_ IF%QIZ a0 < quz»|»1n(2A\z+-2m—1)(1—1)).
™M

D, q

Js + J‘4 < Dp2aitaset-c +Dv2n(2AZ+2sa~-1)(1-b) D quzq,‘

g=v P

< Dp2ritza—1 (n——e + na(2Al+3)~b(2Al+2sa—1))

Hence,

Since s = s, > k, we have 2sa -~ 2 > 0 and
— B (2A1 4 250 — 1) + B (2A] + 3) < — b (2sa — 2) < — ¢,

This completes the proof of the lemma.
7.3. We have

m=1

S g, (m)am = 1If; () — F (2) = 1If; — F;

£ (ool = 2 [T inf— B Ry

Hie=1
and so

Emp=e S @ mpet <A (If PRy

=] m=1

= A (EJM‘HJP‘ — g2 do 4 X L\JF‘ T idd

Cx Lz o)
:‘“A(Ji +Jy+Js + +Js)-

Then Theorem 8 follows from Lemmas 11, 14, 16 and 18.

Proof of Theorems 4, 5 and 6.

8.1. Our ““singular series” $(n) is the same as that introduced by Harpy and
LittLewooDn. Our next two lemmas are due to these authors,
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E. M. WRIGHT ON AN EXTENSION OF WARING'S PROBLEM. 21

Lemma 19.%—If s = s;, then S (n) > A, , > C.

Lemma 20.—If (1) k # 4 and s = s,, or of (ii) k =4, s = 15, and n Z 0 (mod 16)
then S (n) > A, , > C.

8.2. Lemma 21.—If v' > 0, there ewists a positive integer L = L (k, v', \) such that]

N - AA AL‘UL o
T——-T(k,)\,L)——m<"2-5;> >1 Y .
Taking logarithms, we have
log = — AlogA + % alog x,-——% % log I‘(A,L—}—a)»{—lilog I (AL -+ sa) <%.
=1 1=1

If we now substitute Stirling’s series for the logarithms of the Gamma-functions, this
becomes

logt +3(s—1)- 3 i<_.L‘,
Then we have

log = | < 108 L

if L is large enough ; thatis, if L = L (%, a,y’). If log = is positive or zero, the lemma
is obvious ; while if log ~ is negative, we have

T o= e-—}logri > e—«y’ > 1 ”—Y,'
Lemma 22.—If (1) S(m) > C,
(1) log(m)| < %po(m), . . « « . ... (8.21)

and (i) |og (m)]| < den(m)y, . « o o . . . oL (8.22)

then P (m) is defined and we have

P(m)>1—+".
Since § (m) > C, we have ,
po (m) = Agm™='§ (m) > 0.
Then

7o (M) = po (M) + o (M) > % 9o (M) > 0;
hence there is at least one solution of

m = m* + my* -+ ... + m}

* Lanpav, Satz 325.
t LaNpav, Satz 326.
1 We take the real, positive L-th root of (A1/2A,), and the logarithms used in the proof are real.

D3
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22 E. M. WRIGHT ON AN EXTENSION OF WARING’S PROBLEM.
In positive integers, and P () is defined. Also,

To (M) = g (M) + 69 (M) < %po (M) ; 11, (M) = pr, (M) + 61, (M) > § pr (M)}

and so, by (2.22),

— - AA /Ty, (,m) 1L Ad ey, (m) \ 1/L— . o
P ) = s () > o e y) = 1

8.3. Proof of Theorem 4.—1f s = s;, by Lemma 19,
S (%) > Ak,s = C.
Then, for alll = 0,
e, (’)’b) —_ Al,},bAl-i-sa-—lS (,n) > D,nAl+sa—1.
By Theorem 7,
o, (n) < Dnrte=1=c < Dn=C, (n).
Then for every [ there exists a number N, = N (%, I, A), such that » > N, implies that
5, (n) < %o, (n).
If we take n, as the greater of the two numbers N,, N,, we have
oo (1) < %po (n), o1, (1) < § o1 (n),
provided » > n,. We see that
No = My (k’ L, A) =mnyg (k> Y’ 7).
Then Theorem 4 follows at once by means of Lemma 22.
8.4. Proof of Theorem 5.—If k # 4 and s = s,, then
S(m)>A,,=C.

We divide the positive integers into three classes M;, M,, M, as follows. m belongs to
M, if (8.21) and (8.22) are both true ; m belongs to M, if (8.21) is false, and to M; if
(8.21) is true and (8.22) false. Then, by Lemma 28, if m belongs to M;, P(m) is defined
and

Pm)>1—+".

We have only to prove that the number of integers belonging to M, or Mg less than n is
less than C, n'~".

Let u (n) be the number of integers belonging to M, such that

In=m<n
If m belongs to M,,

loo (m)| = %po (M) = 3 A, S (m) m*~' > Cm™~".
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E. M. WRIGHT ON AN EXTENSION OF WARING’S PROBLEM. 23

Hence,
I (og (m) 2 = C(Fn)™ " p(n);

In=m<n

and so, by Theorem 8,
p(n) < Cn'—c.

The total number of integers belonging to M, and less than » is then

w () + u(—S) o (g) b S O A @ @ ) = O
Similarly, the number of integers belonging to M, and less than n is less than Cin'~".
Then, the number of values of m less than » for which the hypotheses of Lemma 22 are
not fulfilled is less than

Cn'=¢ 4 Cyn'=" == Cm' "

8.5. Proof of Theorem 6.—Let us call exceptional an integer m such that the hypotheses
of Lemma 22 are not fulfilled. If k=4, s = 15, and m % 0 (mod 16), then

S(m) > A, =C.

We can divide the integers which are not multiples of 16 into three classes as in 8.4

and prove in the same way that, for almost all of these, P (m) is defined and
Pm)>1—y.

Also, the number of exceptional integers not multiples of 16 and less than » iz, as before,
less than C, n'~*. '

If m = 0 (mod 16), let us write
m == 16'm/,
where m’ £ 0 (mod 16). Then

’ m n
<16“

:Tét

If P (m') exists and P (m') > 1 — y’, then

and therefore
Also,
P(m)="Pm)>1—y"
Now the number of exceptional values of m’, not multiples of 16 and less than n/16, is

less than
n \1=—e
a, (i‘ét,) .
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24 E. M. WRIGHT ON AN EXTENSION OF WARING’S PROBLEM.

Hence, the number of exceptional values of m less than » is less than

2 \N1—e N Teee \

e 7\ n l (N e
C, (nl + (]—3) -+ ‘(\\162) “+ . ) == C,m'".

Proof of Theorems 1, 2 and 3.

9.1. Lemma 23.—Lf py, ws, ... p, are t positive numbers such that

Pyt et =1,
and
By P e = &
then
|, — 1| = 26(1 — G}, (1=1,2,...1).

Every u, is positive ; the arithmetic mean is unity and the geometric mean is G.
Hence 0 < G = 1. But, if G =1, we know that

P = pp = o= gy == L

If G s 1, then the numbers u; are not all equal. Let us write p; — 1 =c¢ ; and

suppose p, the greatest, w, the least, of uy, w,, ... u. Then

by < G <1 <y,
and so

z, < 0 < gy,
The lemma is true if
e = 2t (1 — G, — ey = 20 (1 — G)L

Let us suppose that

g > 2 (1 — G)L
Then

—ey > 2(1 — Q)

for otherwise
t
g = — X g
1==2

=20 — 1)1 -G} <2(1 — G

Now let us replace g, by G, us by (1, v5)/G.  Then the geometric mean is still G, but
the arithmetic mean is now

2 1 tho
'i—((} + —‘—“1(;" + g A A (M) =1+ 7 (G + Mz\}u‘ B S M2>

This must be greater than or equal to G. Hence,

(t — @) (G — pp) = G (L — G).
But
uy — G > pyp — 1 ==, > 20(1 — Q)
and
G pg==—ey — (1 —F)>2(1 — G} —(1—G) > 0.
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E. M. WRIGHT ON AN EXTENSION OF WARING’S PROBLEM. 25
Combining the last three inequalities, we have

41— @)1 — 1 -G} <Gt(l — G),
from which we deduce
8G - * < 0.
This 1s impossible, and so
g =< 2t (1 — Q).
In the same way, the hypothesis
— g, > 2 (1 — G)?

leads to a contradiction. Hence, the lemma is true.
Lemma 24.—1If v < 2A and

P(n) > (1 _ <2lA>2)

1”‘Y<“i<l—!~Y7 (1-_—.: ,2,..,8).

then

Consider the A positive numbers in (2.11). Their sum is A and their product is
P (n). Hence,

G (P () > 1= 57 ),

and by Lemma 23,
lo; — 1] = 24 (1 — G} <.

9.2. It is obviously sufficient to prove Theorems 1, 2 and 3 for the case y < 2A.

We put
v — (1 — (XYY
r=1 <1 <2A>)
in Theorems 4, 5 and 6.

Now if P (m) is defined and is greater than 1 — v’ for a particular set of values of
m, k, s, 1, there is at least one solution of the equation

m == my* -+ my® -+ ... m})
in positive integers. In addition, if we take the particular solution for which

P (m) = P (m),

we have
P 1—~y" =(1 ! 2>A
P(m) > Y"( <2A> ’
and so
Ly <m <y, (i=1,200)
and

A omE A
(1“Y)K<‘%‘<(1+Y)A~

We see then that Theorems 1, 2 and 3 follow from Theorems 4, 5 and 6 respectively.
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26 E. M. WRIGHT ON AN EXTENSION OF WARING’S PROBLEM.

Summary.

The question with which this paper is concerned is the following. %, s, n are positive
integers, & = 3, and v, &y, A, ... A, are any positive numbers ; also

A=A b Ry b b
For what values of # has the equation
mE -y A mE=n oo (1)
a solution in positive integers m,, m,. ... m, satisfying the conditions

)\iv mik - 7\1 Y ?
C-nX<® ik (=re9r . @

The answers found to this question are :—

(a) T s = (k— 2)2"" 4- 5, for all n greater than a certain n, depending on £, s,
Yy Mgy Mgy eee A

(b) If kb # 4ands = 4k — 1) 2" + 3, or if k = 4and s = 15, foralmost all n. The
number of values of n less than N for which there is no solution is O (N'~°), where
¢==c(k,s)> 0.

The fundamental idea of the method of proof is that of weighting the various solutions
of (1), so that those satisfying (2) have predominantly large weights. Thus we construct
the function

r, (n) == p (m g™ L sy,
e gl =,
g >0.
where [ is a large positive integer. We then find the asymptotic value of this for a
fixed 1 and large » by an adaptation of the well-known Harpv-Lirrrewoon method

for Waring’s Problem.
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